In this paper, we study the necessary conditions and sufficient conditions for the central configurations formed by two twisted regular polygons (one N-regular polygon and one Lregular polygon ). We wish to extend the results of the symmetrical central configurations formed by two twisted N-regular polygons, however, it will be proved that there are not more central configurations in a more general setting than the central configurations considered for some more particular situations before.
Introduction
Central configuration plays a very important role in many problems, such as Newtonian N-body problems. It is highly concentrated by mathematicians [1, 2, 3, 4, 5, 6, 7, 8, 9] . To find concrete central configurations is very difficult, therefore we consider only some special situation, i.e., the central configurations formed by two twisted regular polygons, which are an extension of the results in [3, 9] . The motivation of this paper comes mainly from the results of [3, 10, 9] . Definition 1.1. A configuration q = (q 1 , q 2 , . . . , q n ) ∈ X \ ∆ is called a central configuration, if there exists a constant λ ∈ R such that n j=1,j =k m j m k |q j − q k | 3 (q j − q k ) = −λm k q k , 1 k n.
(1)
The value of λ in (1) is uniquely determined by
where
∆ = {q|q j = q k f or some j = k},
I(q) = 1 j n m j |q j | 2 .
and letρ 
The center of mass is
Let
If P 1 , P 2 . . . , P N ;P 1 ,P 2 . . . ,P L form a central configuration, then ∃λ ∈ R + , such that
In the following, we only consider the case of
and the necessary conditions and sufficient conditions for P 1 , P 2 . . . , P N ;P 1 ,P 2 . . . ,P L forming a central configuration are
For the central configurations of this type , R. Moeckel and C. Simo [3] proved the following results with condition θ = 0, L = N : 
(28) Corollary 1.7. For N ≥ 2, h > 0, a = 1, if the configuration formed by two twisted regular Npolygon (N ≥ 2) with distance h ≥ 0 is a central configuration, then b = 1, θ = 0 or π/N , and there exists a unique h for each θ. In other words, there are exactly two spatial central configurations formed by parallel regular N-polygon which have the same sizes.
In this paper, we will prove the following main result:
e., two stacked regular polygons forming a symmetrical central configuration (considered by us) have the same shape.
Then the necessary conditions and sufficient conditions for the central configurations formed by two twisted regular polygons are the conditions given in Corollary 1.5 and 1.6. Furthermore, some particular cases are already completely known, specially, the case of θ = 0 in Theorem 1.2 and 1.3.
Some Lemmas
Proof. Set t = 2a 1+a 2 +x , then t ∈ (0, 2a 1+a 2 ] and we need only to prove that
So there exists δ α for any given α such that f (t, α) is positive for t ∈ (0, δ α ]. Let
then h(t, α) and f (t, α) have the same sign. We have
> 0, hence h(t, α) is increasing about α provided α is sufficiently large.
So there exists some positive number δ (independent of α ) such that h(t, α) is positive in (0, δ] for sufficiently large α.
Secondly, h(t, α) → h(t) for any t ∈ [δ, , and there exists some positive number ǫ such that h(t) ≥ ǫ > 0 for any t ∈ [δ, 2a 1+a 2 ]. Since h(t, α) is increasing about α provided α is sufficiently large, by the well known theorem (Dini), we know that h(t, α) ⇒ h(t) on the compact interval [δ, Remark. We say some words about the proof of the Lemma 2.3 here. We found there was a gap in our original proof of the important Lemma 2.10 in [9] . Since we din't notice that the problem of the uniform convergence of h(t, α) and the compactness of the whole interval we considered. So here we give the new proof of the Lemma 2.3 to correct the error in Lemma 2.10 of [9] .
Then we have the following important proposition which is a corollary of Lemma 2.3. The detailed proof can be found in [9] .
then θ = jπ N (mod2π) for some 1 j 2N.
The proof of main results
By (20) and lemma 2.4, for∀k ∈ {1, 2, . . . , L}there exist corresponding l k such that 1 l k 2L and
Then there exists some j ∈ {1, 2, . . . , 2L} such that 2π N = jπ L (mod2π), moreover we have N |(2L). Similarly, by(21), for∀ν ∈ {1, 2, . . . , N } there exist corresponding n ν such that 1 n ν 2N and
Then there exists some j ∈ {1, 2, . . . , 2N } such that
In the following, we will prove
. . , N }, furthermore, there are both even and odd number in the numbers n ν (ν ∈ {1, 2, . . . , N }).
Then it's easy to know that P 1 , P 2 . . . , P N ;P 1 ,P 2 . . . ,P L form a central configuration if and only if a, b, h satisfy the following equations (in fact, by symmetry, one can get the same result):
Lemma 3.1. Let
then for any a ∈ (0, ∞), we have f (x) < 0 for any x ∈ [0, +∞) except the unique singularity a = 1, x = 0.
Proof. Set t = 2a 1+a 2 +x , then t ∈ (0, 1) and we need only to prove that
is negative in (0, 1). In fact, we have
, then it's easy to know that a m ≤ 0 and g(t) is negative in (0, 1).
By (38),(39) and Lemma3.1, we know h = 0, and then there must be a = 1, otherwise there will be collision. So P 1 , P 2 . . . , P N ;P 1 ,P 2 . . . ,P L form a central configuration if and only if a, b, h satisfy the following equations
then f (x) < 0 for x ∈ (1, ∞) and f (x) > 0 for x ∈ (0, 1).
Firstly, we will prove f (x) is negative in (1, ∞). Set t(x) = 2x 1+x 2 , then t ∈ (0, 1) and
, where
, then it's easy to know that a m ≤ 0 and the first nonzero term is a N = −2, furthermore, g(t) and dg(t) dt is negative in (0, 1).
By (45), we have
hence f (x) < 0 for x ∈ (1, ∞). Secondly, let us prove f (x) is positive in (0, 1).
In the following, we will prove h(x) and dh(x) dx are both negative in (0, 1) by the method of R. Moeckel and C. Simo [3] .
Let d(z) = 1
(1 − z) Proof. By(42), (43) and lemma(3.2), we know (41), (42) and (43)are unsolvable, i.e., if L = 2N , P 1 , P 2 . . . , P N ;P 1 ,P 2 . . . ,P L can not form a central configuration.
